for double passage of the rays. A change of focusing is not necessary. Prism rotation and change of focus are always effected automatically.
The apparatus can be used for the range of approximately 10,000 to 3700A. The resolving power for single passage of the rays is approximately 5600 at 10,OOOA; for double passage of the rays, 250,000 at 3700A.
The "G 50" spectrograph was designed in 1939 and a model was completed in November 1941.
At the request of Professor Gatterer, Castel Gandolfo, Italy, a similar apparatus ("G 80") and prisms with the thickness of 15 cm was designed. This apparatus had a 30° prism instead of the plane mirror at autocollimation, as requested by Professor Gatterer. Focusing was done with the help of a curved template, which was made without difficulty in the shops at Jena.
The "G 80" ordered by Professor Gatterer was almost completed in October 1946 and was at that time removed to Russia, when the Zeiss Works were dismantled as reparations. The "G 50" described above may be in the United States.
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Stanford University, Stanford, California (Received March 12, 1948) Several conceivable methods for the formation of optical images by x-rays are considered, and a method employing concave mirrors is adopted as the most promising. A concave spherical mirror receiving radiation at grazing incidence (a necessary arrangement with x-rays) images a point into a line in accordance with a focal length f =Ri/2 where R is the radius of curvature and i the grazing angle. The image is subject to an aberration such that a ray reflected at the periphery of the mirror misses the focal INTRODUCTION THE literature of x-rays contains many passages deploring the supposed impossibility of focusing x-rays with lenses or mirrors. Both the difficulty and the regret are easily appreciated. A satisfactory x-ray microscopy would open up fields of investigation closed to the optical microscope because of its restricted resolution, and to the electron microscope because of the limited penetrating power of electrons. X-ray spectrometers and diffraction instruments would probably have evolved along simpler or more advantageous lines had their designers possessed the means of optical control available to workers with light in other spectral regions. point of central rays by a distance given approximately by S=1.5Mr 2 /R, where M is the magnification of the image and r is the radius of the mirror face. The theoretically possible resolving power is such as to resolve point objects separated by about 70A, a limit which is independent of the wave-length used. Point images of points and therefore extended images of extended objects may be produced by causing the radiation to reflect from two concave mirrors in series. Sample results are presented.
X-RAY LENSES
Roentgen's' first experiments convinced him that x-rays could not be concentrated by lenses; thirty years later his successors understood why. X-ray refractive indices are less than unity by an amount a which for common solids and x-rays of general practice has a value of the order of 10-5. It may readily be shown that the focal lengthf of a single refracting surface of radius R is approximately R.
For several surfaces in series, arranged cooperatively, we have 1 = 6(1/R,+ 1/R 2 +etc.). To make a successful lens we require a large a and slight absorption. Unfortunately ma-I W. C. Roentgen, Sitzungsberichte der Wrzburger Plhysikalischen-Medicinischen Gesellschaft (1895).
terials of large are also strong absorbers, the absorption coefficient increasing much more rapidly than a with increasing atomic number.
An element of low atomic number, such as beryllium, is indicated.
In choosing a usable x-ray wave-length we note that a is proportional to 2 and the absorption coefficient to X 3 . This makes long waves undesirable. For concreteness of argument let the wave-length be that of the Ka lines of molybdenum (0.71A), which in beryllium gives =1.13 X 10-6. For one refracting surface we shall have f-10 6 R. If a radius of one centimeter be assumed it is found that about one hundred lens surfaces in series would be required to bring the focal length down to one hundred meters. This would produce a cumbersome and very weak lens system of poor transparency. These discouraging considerations incline us toward other methods.
IMAGES WITHOUT RAY DEVIATION
Optical imagery of a sort may be had without ray deviation, as the pinhole camera and the shadow picture demonstrate. The production of pinhole images of x-ray targets and focal spots is an old art, and one which, but for intensity difficulties, might be extended to objects emitting secondary x-radiation. Figure 1 shows an image of this kind which was made with an unusually small pinhole and therefore shows more focalspot detail than is usually seen. Objects not selfluminous might be imaged by pinhole photography by placing them between a broad x-ray source and the pinhole. The fatal limitation of this form of imagery is the complete incompatibility of high resolving power with high speed. Both are controlled by the size of the pinhole. Resolution is linearly improved as hole diameter is decreased, but this same change diminishes the mean illumination of the image parabolically. The method is therefore unpromising.
A shadow picture technique which has been proposed by Zworykin 2 and others requires the production of an exceedingly fine focal spot for the radiation source. It is not stated that the method has been tried.
An alternative proposal, more readily put to gauze of 200 meshes per linear inch was used as object. The hole which served as the effective radiation source was the intersection of two crossed slits in contact. The initial magnification was 98 and the exposure, with a molybdenum target at 35 kv, was 1.2 ampere hours. The shadows appear to be sharp to five or ten Au at the object. Evidently this process suffers from intensity limitations like those of the pinhole method described above.
X-RAY MIRRORS
It remains to consider the possibility of producing x-ray images with mirrors. There are two distinct kinds of x-ray reflections, viz., the reflection from crystals with which the name of Bragg is familiarly associated, and the external total reflection which takes place at surfaces which are FIG. 4. Line images of a short and narrow slit from which x-rays diverged to a spherical concave mirror of 11-m radius. Grazing angle of incidence about 0.01 radian. The film receiving the reflected radiation was placed at eight successive positions, which included a position of good focus.
either crystalline or amorphous when the tangential angle of incidence is sufficiently small. Reflection of the latter type is highly efficient, and even complete for certain radiations, but the limitation of the angle of incidence to values under one degree has heretofore completely discouraged the development of x-ray catoptrics.
Bragg reflection admits of convenient angles of incidence but suffers from severe intensity limitations because of its essential wave-length selectivity. Only the most perfect of crystals could be considered if high image quality were required, and it has not been demonstrated that even these would suffice. We consider that good image formation by crystal reflection is an interesting possibility but that total reflection methods offer the greater promise.
When a parallel beam of x-rays of the familiar sort is incident upon a smooth surface at a small grazing angle i those components of the beam possessing wave-lengths in excess of a critical value X, will be reflected with almost complete efficiency, while shorter wave-lengths will not reflect at all. The critical value, as given with good accuracy by classical dispersion theory, is X = (ci/e) (7rm/n) , where c is the speed of light in cm/sec, e and m are the electronic charge and mass in electrostatic units and grams respectively, i is expressed in radians and X, in centimeters, and n is the total number of electrons per cubic centimeter of the reflector. Figure 3 summarizes the situation in a simple manner. For soft x-rays or reflectors of high atomic number the sharpness of the critical wave-length for a particular angle (or of the critical angle for a particular wavelength) is somewhat impaired; the "total" reflection does not achieve totality and the forbidden reflection does not remain at zero intensity.
Probably the possibility of forming x-ray images by reflection from a portion of an ellipsoidal surface has occurred to many. There is no record that it has ever been done and it is very doubtful that it has been tried. Production of the required surface, that of a very eccentric ellipsoid, would present a difficult problem to optical workers. We therefore prefer to see what may be done with spherical surfaces and moderate departures therefrom.
It is obvious that x-rays may be focused 3 by concave spherical mirrors, though, with such oblique incidence as is necessary for reflection, a strong astigmatism must be expected. By an extension of ordinary optical principles to this unprecedented obliquity it is found that a narrow bundle of rays from a point source will, upon reflection, give rise to two focal lines whose positions derive from two focal lengths. Meridianrays (in a plane containing the radius of curvature R of the mirror at the point of incidence) focus according to a focal length fm =R sini/2, while sagittal rays (in a plane normal to that of meridian rays) possess a focal lengthf, = R/2 sini. The astigmatic difference here is great, the ratio of the two focal lengths being 1/is or about 10,000 in possible x-ray cases. The extreme weakness of such a mirror for sagittal rays makes it practically equivalent to a circularly cylindrical surface. The meridian focal line is readily demonstrated. Figure 4 shows a series of such lines obtained by reflecting x-rays at a platinum-coated glass mirror for which R= 11 m and i=0.0102
radian. The distance from the effective source (a fine slit parallel to the focal lines) to the center of the mirror was 9.8 cm, and the distance from mirror to photographic film was increased in steps, producing at each step one of the parallel lines of the figure. The progressive improvement and deterioration of the focus is clearly shown.
GEOMETRICAL THEORY OF THE IMAGE
We discuss here the location of the image formed by grazing reflection of meridian rays at a spherical reflector, and also the sharpness of that image as affected by both geometrical and diffraction considerations. This is, as shown in Fig. 5 , a two-dimensional problem. Given a circular reflector of radius R, illuminated at a small grazing angle i by a narrow bundle of radiation from a point source P, we seek to determine the location of Q, the image of P. The object and image distances, p and q, are measured from an arbitrarily selected point 0 on the surface of the reflector. Consider a point N situated 3 W. Ehrenberg, Nature 160, 330 (1947) . This brief communication describes the formation of line images by reflection of x-rays from a point source at a gilded glass plate which had been bent so as to form an approximate circular cylinder. upon the reflector near enough to 0 so that NO<R. The chord NO subtends at the center of curvature C an angle a. The image Q is at the intersection of the reflected rays from N and 0. These rays meet at an angle , while the angle between the incident rays is designated by e.
Application of the law of sines to the triangles PNO and QNO yields pe=Ra(i+e-a/2) (1) and qb = Ra(i-3+a/2), (2) in which small angles have been identified with their sines. Eliminating and e by the relation 6+e=2a, which follows from the law of reflection, and introducing the symbol a = a/i, we obtain
in which the substitution f=Ri/2 has been employed. Evidently for vanishingly small a this becomes 1q+ 1/p = 1/f, which agrees with the statement above that R sini/2 is a focal length, For the special case of unit magnification the object and image will be found at points on a circle passing through the point 0 of the mirror.
This property of spherical mirrors is familiar in connection with the concave grating, the locus being known as the Rowland circle. In the present application there are three significant circles having radii in the ratios 1:2:4 as shown in Fig. 6 . The outer circle is an extension of the arc of the mirror, the intermediate one is the locus of object and image for unit magnification, while the smallest circle contains the infinity of principal focal points of that portion of the mirror lying near the intersection of the three circles.
It is clear from Fig. 6 that the focal surface is extremely oblique to the focused rays. An inclined object conforming to the Rowland circle would give rise to a symmetrically inclined image lying along the opposed side of the same circle. This would be bad enough, but the image of a plane object disposed normally to the principal incident ray would be even more oblique. We shall return to this matter at a later point.
The argument of the two paragraphs just above pertains to ray bundles or mirror apertures so narrow that a may be neglected. In such cases no problem of focal unsharpness arises, but in the approximation where small quantities of the order of a are retained but terms in a 2 are discarded as being negligible in relation to unity, it i! is found that the image of a point suffers from a considerable spherical aberration. This may be investigated by returning to Eq. (3) and investigating the variation of q with a. Let the value of q for vanishingly narrow beams be hereafter designated by o, and let M stand for qo/p, the magnification of the image. Be it noted that f/p=M/(M+ 1). Equation (3) may be written in the form
Upon dropping the term a 2 M this becomes
M+ 1 2-3aM
(4) (5) Evidently the wandering of the focus with increasing a (hence, increasing a) is accentuated at high magnification and diminishes as the angle of incidence is increased. For this and other reasons it is desirable to use the highest feasible grazing angles. It was to obtain such angles that the mirrors described earlier were coated with platinum.
The image impairment caused by this aberration is not measured by q -qo but by the small distance S by which the aberrant ray misses the image point formed by rays for which a->O. Figure 7 shows the manner in which rays of positive a pass the focus of rays for which a is vanishingly small.
As a matter of fact, reflected rays resulting from both positive and negative values of a pass above the focus of central rays, a fact which insures a goodly concentration of rays close to the focus. Such a focus will be sharp and intense on the side which is below in Fig. 7 , fading off on the side above. We are concerned here with the distance S, which is evidently given by S = (q -qo) 6. From Eq.
(1) and +E = 2 a we obtain
2-3aM M+ -2aM
Combining Eqs. (4) and (5) an expression able to withstand certain simplifying approximations. For values of a small enough to justify the neglect of a in respect to terms of the order of unity Eq. (7) simplifies to
LM M+ 1
The quadratic dependence upon a is favorable to the reduction of image impairment without total loss of light-gathering power.
We shall ultimately be concerned with cases in which the magnification is high. If the conditions M>1 and a1 be imposed upon Eq. (7) the following simple approximations emerge.
S/M = (3/2)Ra
where k is a radial distance on the face of the mirror, subtending at the center of curvature the angle a. When a is the maximum value possible for a given mirror k becomes r of Fig. 10 . Equations (9) are solved explicitly for S/M since this quantity is a better measure of the confusion which results from spherical aberration than is S alone. S/M is the linear measure of the extent of the object which simultaneously sends rays to a single point at the image. So long as magnification is high and a small it is evident that this spherical aberration is controlled almost entirely by the dimensions of the reflector. Small mirrors of long radius clearly favor good image definition, though they are lacking in speed.
Equations (9) to be recorded. This obliquity is so great that it would be quite impracticable to tilt the film to fit it.
The image which has thus far been discussed geometrically is a diffraction pattern, and the resolving power of a geometrically ideal x-ray mirror will naturally be finally limited by wave considerations. It is probable that elliptical or parabolic mirrors will permit a much closer approach to geometrical ideality than do spherical mirrors. We therefore consider next the resolving power of a mirror without geometrical aberrations, seeking to obtain a theoretical upper limit of resolution which may be approached but not surpassed by real x-ray mirrors.
THEORY OF RESOLVING POWER
We take up the problem of resolving two small, luminous spots, each of which fills the mirror with coherent x-radiation. This situation is not realized when an opaque, perforated plate is interposed between an x-ray target and the mirror, unless a perforation is so small that the central maximum of its diffraction pattern covers the entire mirror. The assumed conditions could be realized by using a well-designed condensing system to illuminate the perforations, and they anode of an x-ray tube or small objects emitting secondary x-rays.
Consider first a reflector whose meridian section is a portion of a very eccentric ellipse with semi-axes a and b, where a>b. A point object placed at one focus will give rise to a line image passing through the other. For maximum resolving power the plane angle including the bundle of rays proceeding from the object and destined for reflection should be as great as possible. This maximum angle is limited by i, the angle of total reflection. The reflectible bundle is that embraced by 4) in Fig. 8 and its approximate value is given by =2(j2-b 2 /a 2 ) 1. In principle this angle might be doubled by using a portion of the upper half of the ellipse, but this plan is experimentally unattractive. Since the mirror is symmetrically located between the foci no magnification is produced, but we are now bending all efforts to favor resolving power, so this fact will be overlooked. Evidently the aperture angle may approach but not exceed 2i.
An alternative reflector of possible merit is the parabola. Two parabolic cylinders arranged as in Fig. 9 may form a perfect line image of a point with complete compatibility of high angular aperture and high magnification. The maximum possible aperture (using one side of the parabola) may be shown to be 2i, as in the case of the ellipse. Figure 10 represents a mirror of width 2r bringing to a focus at a distance q rays of wave- the projected aperture of the mirror as seen from the focus. But t=p4 where p is the object distance and 4) is the aperture angle discussed above.
Hence z/q = X/4)p.
It will be assumed that two object points values in the platinum metals, for which i =7 X 101 approximately. This proportionality of i to X makes the maximum resolving power of the instrument independent of wave-length and fixes the minimum resolvable distance at about 70 angstrom units.
TWO-DIMENSIONAL IMAGES FORMED BY CROSSED MIRRORS
Two cylindrical lenses in the crossed position possess the focusing properties of a single lens of axial symmetry. Similarly two x-ray mirrors may be positioned as shown in Fig. 11 to produce point images of point objects, and therefore real, extended images of extended objects. 4 In Fig. 11 is shown a broken ray taking the path of reflection by both mirrors which is necessary for image formation. In practice radiation will also get through the system after reflection from the first or the second mirror only. In addition there will be a ray which misses both mirrors, so in general four spots will be seen on the observer's fluorescent screen or recorded upon the photographic emulsion. FIG. 15. Arrangement of concave mirrors to produce real images of extended objects with incidence at small grazing angles. This combination obviates a type of image distortion inherent in the arrangement shown in Fig. 11 .
These four spots appear in Fig. 12 , an exposure obtained with two platinized glass mirrors figured to a radius of 21.9 meters. The object was a piece of monel wire gauze having 350 meshes per linear inch. The x-ray magnification in this case was unity, the scale of the figure being the result of subsequent photographic enlargement from the original plate. Figure 13 The mirrors were separately focused by adjustment of their angles of incidence so that they produced their partial images at the location chosen for the photographic plate. Both the object and the plate were approximately normal to the radiation bundles incident upon them. Any attempt to fit the plate to the true focal surface would have produced an extreme distortion of the recorded image. Theory and experience agree that rather good images (of small objects) may be had without such precise focusing. The definition of the image in Fig. 14 is limited more by the grain of the plate than by optical image defects.
Another type of distortion (anamorphotism) results from the non-coincidence of the two mirrors. Each mirror controls, by its object and image distances, the magnification of one coordinate of the image, and these magnifications are naturally not equal. They may be rendered equal by a moderate tilting of the film (which also brings it somewhat closer to the true focal sur-
face) or by the use of three mirrors disposed as in Fig. 15 . An earlier paragraph referred to the difficulty of producing a single ellipsoidal mirror. We now remark that such a mirror, even if perfectly figured, would be far inferior to the two-mirror combination of Fig. 11 . The single ellipsoid would produce a perfect image of a point object situated at a focus of the ellipse, but because of its great transverse curvature it would produce badly elongated images of other points, even of points very close to the focus. Two elliptical mirrors arranged as in Fig. 11 would have a useful field thousands of times larger than would a single ellipsoid of like light-gathering power.
PROPOSED EXTENSIONS
It is clear that an x-ray microscope is now a definite possibility. Such an instrument would have a maximum resolving power somewhere between those of the optical and electron microscopes, and would be peculiarly applicable to the study of objects not readily penetrated by light or electrons. It would be much simpler in construction and operation than is the electron microscope and would not require that the materials observed be placed in a vacuum.
Many problems must be solved before a useful instrument may be constructed. It is not yet known that the figure and polish of optical surfaces produced by current methods is good enough for these purposes. We believe that x-ray reflections provide a more sensitive test of the quality of optical surfaces than do other known methods.
Elliptical and parabolic surfaces are being studied both theoretically and experimentally. They will almost certainly be superior to spherical surfaces when methods for producing them shall have been brought under control.
A start has been made upon the construction and testing of compound systems, in which the image formed by one combination like that of Fig. 11 , becomes the object for the next. Combinations of reflecting components offer unexplored possibilities for the removal of image defects and rectification of field obliquity. Reflecting condensers for the x-ray illumination of objects need to be developed, and with them x-ray tubes with very small, high-powered focal spots and transparent windows.
So far all experiments have been conducted with copper or tungsten x-rays which had emerged from glass tube windows. The wavelengths of the reflected radiations were of the order of one Angstrom unit. Longer waves have many advantages: the resulting increased critical angle of reflection will reduce image aberration, tend to rectify the obliquity of field, accommodate larger objects, and improve light gathering power. Surface irregularities will diminish in importance as wave-length increases. Degrees of contrast in thin and light objects improve with the softening of radiation. Absorption by air becomes serious beyond 1.5A and air paths will need to be replaced by tubes containing hydrogen or helium.
It remains to remark that these optical methods are immediately applicable to the focusing of neutrons and such other particles as may be found to exhibit external total reflection. 
